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5.3-3. (a) The system equation in delay form is

2y[n]—3y[n—-1]+y[n—2]=4a:[n]—3:c[n—1]
Also

yln] <= Y[z y[n-—l]i:bi—}’[z] y[n—-2]<=:);1§Y[z]+1

L 1] e —

2l = X = —s 7 —0.25

The 2-transform of the equation is

3 L 4z 3 4z -3
2 [~ 2yt Ly _ _ 4
Y+ Yl 2-025 z-025 2-025
or
3. 1 4z -3 3z —-275
2—--+ —) Y = -1 — '
( z 22 [<] + z2—026 2-0.25
and
Yid _ #(3z — 2.75)
z (222 = 3z 4+ 1)(z — 0.25)
_ (32 — 2.75)
2(z - 0.5)(z — 1)(z — 0.25)
5/2 1/3 4/3 Kausalt system

2—1/2  z-1 z-025  fomtsits
= Termerna har

1 5 4
[5 + 5(0.5)" - 5(0.25)“] u[n] konvergensomrade

L s _ 4 _ |z| >0.5,

y [n]

z| >1
>0.25

(b) From part (a), we have

4z -3

3, 1
(2“;+‘Z_2)Y[z]_ <~ T
I.C. term "

input term

2 _ -
and |
Y[z] _ -z + -~ 2(42-3)
z 2(z—-0.5)(z—1)  2(z—-0.5)(z - 1)(z — 0.25)
) z:i a z:—rs ’
0.5 1 2 41 4 1

7—05 z-1 7205 "37-1 372-02

1
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and -z z z 4 =z 4 z
= 0. - 22— 4 = - =
YR =05 =g~ -1+t "5 T3--1 370
and
Kausalt system = i 1_ 4 4 n
n n
eemanabar Uil = [308)" =1 ulal + (209" + 3 - 5029 uln
konvergensomrade ~ ~ 7 - d
Yzi Yza
|2[>0.5, |2|>1 - 4 1
resp. |z|>0.25 = [2.5(0.5)" — §(O.5)"’] uln| + gu[n]
- e - "..___\_T/
(¢) S L
5.3-9. In transform domain, H(z) = z‘"lff-'l-l/% and Y (2) = z‘lﬁ_—;-. Since Y (z) = H(2)X(z),
we know X (2) =Y (2)/H(z) = % Thus, X(z) = —3%2&. Using tables, z[n] =
==1/3

-3 ((—-2)"ufn] — 3(-2)"tuln ~1]) = -3 (—2(=2)""tuln] - £(-2)""'u[n — 1]) or

z[n] = —36[n] + 7(=2)" " tuln - 1.
5.3-11. (a) Note, hy[n] = (=14 (0.5)") u[n] = —(1)™u[n] + (1/2)™u[n]. Thus, two real poles
in 7 [2] are evidentpat z = 1 and z = 1/2. Since h[n] is not absolutely summable, the
1 system is not BIBO stable. Thought of another way, the pole on the unit-circle

makes the system marginally stable, at best. Marginally stable systems are not
BIBO stable.

(b) Notice, hz[n] = (7)™ (u[n] — u[n — 10]) is a finite duration, causal signal. Thus,
H,[z]has no poles (other than at zero). Since h;[n] is absolutely summable, the
system is BIBO stable.

(b) From the given H|[z], we can write

(2% = 0.6z — 0.16)Y[2] = 2X|[2]
Hence, the corresponding difference equation of the system is

y[n + 2] — 0.6y[n + 1] — 0.16y[n] = z[n + 1]

y[n] — 0.6y[n — 1] — 0.16y[n — 2] = z[n — 1]
5.3-18. (a)
z[n] = ee™u(n] X [2] = zeje
Y[] = X[H[z = e

(z—e)(z+0.2)(z—0.8)
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Therefore
Yz ez _ 182 0186 113
z  (2-€e)(z24+02)(z-08) z—-e 2+02 z-08
Z z 2
Y[z] = 132— —0186—F> —1.18——
y[n] = [1.32(e)" - 0.186(—0.2)" — 1.13(0.8)"] u[n]

(b) From the given H|[z], we can write
(22 — 0.6z — 0.16)Y [2] = 2X]2]
Hence, the corresponding difference equation of the system is
yln+ 2] — 0.6y[n + 1] — 0.16y[n] = afn + 1]

y[n] - 0.6y[n — 1] — 0.16y[n — 2] = z[n — 1]

5.3-20. All cases use the same transfer function. From the given H{z] (after dividing the
numerator and the denominator by 6), we can write

(z2 22+ %) Y[z = (52 — 1)X[]

Hence, the corresponding difference equation of the system is

vln+2] = Syl + 1]+ Zyln] = 5aln + 1] - afn]
or 5 1
yin] = ybn — 1]+ gyln—2) = 5zl — 1] - aln - 2

(a) z[n] =4 "u[n] = (3)"u[n] so that X [2] = z—f{, and

62(5z — 1) _ 2(5z —1)

Yol = X [2] H[z] = (z—-3)622-5z+1) (z-D(z-D)(z-1)

Therefore
Y] 5z -1 _ 12 48 + 36
= T G De-DE-D z-1 -1t
z P 2
Y] = 12 — 48 T + 36
2=7 -3 Z—3

1 1 1 Kausalt system =
y[n] = [12(2)1: - 48(§)n + 36(‘5)“] u[n] Y[z]-termerna har

= 12 [4""“ —4(3)™" + 3(2)—n] w[n] konvergensomréide

>,
4

1
z|>=,
3

1
z|>—
2
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(b) Here the input is 4~ "~y [n — 2] which is identical to the input in part (a)
delayed by 2 units. Therefore the response will be the output in part (a) delayed
by 2 units (time-invariance property). Therefore
y[n] = 12 [4‘(“-2) — 4(3)~("-2 4 3(2)'("-2)] un — 2
(c) Here the input can be expressed as

z[n] = 4~ (" Dy [n] = 16(4) "u [n]

This input is 16 times the input in part (a). Therefore the response will be 16
times the output in part (a) (linearity property). Therefore

y[n] =192 [47" - 4(3)™" + 3(2)™"] u[n]
(d) Here the input can be expressed as
z[n)=4""un—-2]= %(4)—(““2)15 [n—2]

This input is 75 times the input in part (b). Therefore the response will be L

times the output in part (b). Therefore

3
ylnl= 7 [4702 = 487" 4372 u[n - 9
5.3-23. (a)
2] = 2 +82+3  22+3z+43
2243242 (z+1)(z+2)
Therefore
Hfz) _  2+32+3 3/2 1 R
z 2z +1)(z+2) z  z+1 z+2
Kausalt system = Hlz = § __z N 1 =z
H [z]-termerna har 2 z41 2242

. 1
konvergensomrade hin] = [% 8n] - (-1)™ + 5 (-2)"*| u[n]
alla z, z|>1 resp. |z|>2
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(b)
22—z z(22-1)
Hld = 2+22+1 (2+1)2
Therefore
Hz}  22-1 2 3
Kausalt system = z (z +zl)2 ZF 13 (z+ 1)2
H [z] har konvergens- Hlz] = 2(2.' n 1) - 3(2 +1)2
omrade |z|>1 Al = [2(=1)" +3n(-1)" u[n] = (2 + 3n)(~1)"u[n]
(c) .
22422 2 rd2

HEel= 3% zras (-1 + &)

"
P
.

N =
»
N|—

R,

> Rovplerlonjugerst polper ¢ ¥
Dvs, Q“\ﬁ:uc‘ ‘!’"HS‘?'N'WFU" 'ﬂa_. ‘&‘.ﬂ—b—. g ,Za,}'_s;'_g 5,’:‘{__9_8,;:_
_m
Hse &€ {b’[';jzl—, ock /5-? rod

(21"42) %(z ;Qaas"-j

——
—

= W] = -

S S
Kausalt system = 5_ o z Jz-! SNy
H [z] har konvergens- 7 2 2 (‘Z' o )2 #(‘?3
omrade |z|>|y]= \/1_ '

> hIn] = Oﬂ} (05 qm > G_,) W(T‘ U W]


Lasse Alfredsson
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5.3-25. (a) Noting that H(z) = z73_2;, H™1(z) = H%z) = Z=} = 2% — 22, Thus,

~1n] = §[n + 3] — 8n + 2).
(b) Since h~'[n] is absolutely summable, the system inverse is stable. However,
~1[n] # 0 for n < 0 so the system is not causal.

(c) For systems that have time as the independent variable, it is only possible to
realize causal systems. Shifting A~1[n] by three makes it causal and therefore

realizable. That is, implement hcz:usal[n] h~l[n—3] = é[n] —b[n— 1}, as shown
in 85.3-25c. Within a delay factor, this implementation functions as the system
inverse.
x[n] { ' in]
21
-1
L
Figure S5.3-25¢: Block realization of A7} [n].
causal\™
5.5-1. (a)
1 , 1 1
Bl =y =4 L[ —04  cosQ— 0.4+ jsinQ2
i? = g = : = .
IH [e ]l (e7* —0.4)(e—72 —0.4) 1.16 —0.8cos
: 1
Q| —
Kausalt system enl. fig = H|z] |H [BJ ] | = V1.16 — 0.8cos

har konvergensomrade |z| > 0.4,

: : in (2
=S H[Q|=H[z] .=H|* H Mo chen® ce
[Q]=H] ]L:e [ } L [e ] il vy
(b)
z 1
Konvergensomrade |z| > 0.4 &ven hir, Hlz] =

z—04 1—04z-1

= enhetscirkeln 1 konv.omradet

. ; 1 1
:H[Q]:H[Z]L:efﬂ :H[e]ﬂ H [eJQ] T 1-0.4e72 1-0.4cos - jsin 2

Therefore \ O.'f

Nl o 1 B 1
‘ [ej ]l \/1—046‘391—04639_\/1.16—0.80089



LOSNINGSFORSLAG TILL LEKTIONSUPPGIFTERNA — LEKTION 9

and ot 63
éH JQ = ——t —1 481N
[e ] an (1*0.40059
(c)
322 1 1.8z
H[z] = —
2¢—2+4+0.16

; 2392 i . . .
snid i [ng] 3e“?** + 1.8e (3cos 22 + 1.8 cos ) + j(3sin 2024 1.8sin )

T €29 e 1 0.16  (cos 28 — cos L+ 0.16) + j(sin 252 — sin §2)

Hl? — [_3¢77 418677 3e~27% 4 1.8¢~9%
l [ ]l |2/ — @i +0.16 | | =2/ — =70 +0.16
12.24 + 10.8 cos
2.0256 — 2.32cos ) + 0.32 cos 202

Therefore

_ 1/2
‘H [e’n]] _ [ 12.24 4+ 10.8 cos 2

2.0256 — 2.32cos 2 4+ 0.32 cos 292
and

; 3sin2Q 41.8s8in sin 2§) — sin §)
LH [e’] = tan™! —tan—1
[¢77] = tan (300329+1~80089) tan (cosQQ — cos {) +0.16)

Tips, 5.5-1(c): Ansitt hjilpstorheter efter de tvi summatorerna till véinster!
Sitt sedan upp uttrycken for hjilpstorheternas z-transformer och for Y[z].

5.5-3. The advance operator form of this equation is

E

E'yin]= ¢ [B*+ E*+ B* + B + 1]
and
H[z] = 1724+ +22+2+1
"5 P
H[e] = 1 [e4? 4 730 4 £721 4 70 4]
5 gJ4sd
Kausalt system = H [z]har — le—jZQ [ejZQ + eI + 1490 + e--»j2ﬂ]
konvergensomréde |z|>0 ?
= enhetscirkeln i konv.omridet | = ge—;ﬂﬂ [1+2cos + 2cos 2Q)]
= H[Q]=H[z] . =H|e?]
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5.5-4. (a) The z-transform of the two equations yield:
0.9
(). (1 + 7) Yz] = X[2]

(). (1 - ‘}z—g) Yo = X[4]

Hence the transfer functions of these filters are

2

0)-Hl = —5=  Gi).Hlzl =

z
z—10.9

Consider the first system. [ Bada systemfkn:erna har konvergensomrade |z|> 0.9 :]

(i) |z|=1 1 konv.omradet = H[Q] = H[z]‘zzejQ = H[e/ﬂ}
i
Hie =2 -1 __ R
e 409 1+4+09e-92 140.9cosf) — j0.9sinQ
- 1 . —0.9s8in 2
H eI =  LH i = —tan~! [_________l
|H []] v1.81 +1.8cosQ =] T+ 09cos02
(i)
11
i _ e’ _ 1 _ 1
He™] = 5005 = 1200079 = T_09cos 0 7 j0.95m0
; 1 - 0.9sin 2
i = 0 - -1
[ []] = Tsesn 1 [¢"7] = -~ tan [1 —0.9cos ﬂ]

Filter(i) has a zero at the origin and a pole at —0.9. Because the only pole is
near 2 = 7w(z = —1), this is a highpass filter, as verified from the frequency
response shown in Figure S5.5-4a.

Filter(ii) has a zero at the origin and a pole at 0.9. Because the only pole is near
Q = 0(z = 1), this is a lowpass filter, as verified from the frequency response
shown in Figure S5.5-4b.

(b) (i) For 2 = 0.017

1

2 jo.om,:
’ [e™7] V1.81 + 1.8 cos 0.017

= 0.5966
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For 2 = 0.997

. 1
H 6_10.9911' = == 9
l [ ]l v/1.81 + 1.8 cos 0.997 9.58

(ii) For 2 = 0.017

IH [Bjﬂ.(llr],: 1 _ 958

v1.81 —1.8¢0s0.017

For 2 = 0.997

1

H [e70-997 l: = 0.596
l [e ] v1.81 — 1.8 cos0.997 2

Filter(i) gain at g is
1

- V1814 1.8cosfly

H|

Filter(ii) gain at m — {Qp is

1 1
H| = -
v/1.81 —1.8cos(m — )  +/1.81 + 1.8 cos(Qp)

' IR

+1o . 1 I
?\ ' /\
’ I ! H
} 0.53 L - 0. 52 :

T P gL T - Q> T

Figure 55.5-4
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5.5-5. Kausalt system = H [z]har
H[s = z+ 0.8 konvergensomrade |z| >0.5
T z-05 = enhetscirkeln i konv.omradet
(a) = H[Q]=H[z] . =H| ]
H[] = et +0.8  (cosQ+0.8) + jsing
e/~ 0.5  (cos—0.5) + jsinQ
[H [ejg] |2 — H [ejﬂ] H [e__jQ] — (EJQ + 0-8)(8_jn -+ 0-8) _ 1.64 + 1.6 COSQ
(e’ — 0.5)(e=9® - 0.5) =  1.25 —cos{)
. in sin (2
LH [e39 =t-1__...§1_n_________t Y (B
] " maros ™ Ganoos)
(b) Q=05
; 1.64 + 1.6 cos(0.5)
H JO.51 12 —
H [e7] 1.25 — cos(0.5) 8174
|H [e%°]| = 2.86
LH [e®°] = 0.2784 —0.9037 = —0.6253 rad
Therefore

y[n] = 2.86 cos(0.5n — % —~ 0.6253) = 2.86 cos(0.5n — 1.6725)

5.6-1. Figure S5.6-1 shows a rough sketch of the amplitude and phase response of this filter.
For the case (a), the poles are in the vicinity of @ = Z. Therefore, the gain |H[e/?]|
is high in the vicinity of = w/4. In the case (b), the poles are in the vicinity of
§2 = 7. therefore, the gain |H[e’]| is high in the vicinity of Q = x. For case (a), the
phases of the two poles are equal and opposite at £ = 0. Hence ZH[e??] starts at 0

(for Q@ = 0). As Q increases, the angle due to both poles increase. Hence, ZH[e/?]
increases in negative direction until it reaches the value —27 at @ = #. For case (b),
similar behavior is observed. Note that angle —27 is the same as 0.

Jwn
N e [HLE 3|
e (HLe ]| N~
oI T T - ST T
| w4 HLe™ (@ .‘\L hLes (&
{ ~TC}-( FEL FASKARAKTERISTIK I (b)

Figure §5.6-1 Den blir forst positiv for att sedan ga
tillbaka mot/till noll d4 Q — 7 .
Notera att det dr 2 nollstillen 1 origo
1 figur (b) 1 boken!

10
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5.6-2. The two systems are very similar and have identical steady-state characteristics. There
is an important difference, however, between the two systems. The system y[n] —
y[n — 1] = z[n] — z[n — 1] is first-order and can support an initial condition; the
system y[n| = z[n] is zero-order and cannot support an initial condition. If the initial
condition of the first system is non-zero, the output of the two systems can be quite

different. '
high xy
5.6-3. (a) From the magnitude response plot, it is clear that this is a ass filter. Low

frequencies near {2 = 0 are attenuated, and high frequencies near ) = +m are

passed with unity gain. 3

: 1
(b) From the magnitude and phase response plots, H(e’™/?) = Ee] 4 . Thus, the
output to z;[n] = 2sin(Fn+ ) is

yi[n] = \/Esin(gn +7) = —\@sin(gn).

(c) Notice, H(e?"™/4) = H(e™?"/4). From the magnitude and phase response plots,
H(e™7"/%) ~ 0.071e’*43. Thus, the output to z3[n] = cos(Zn) is

7
ya[n] = 0.071 cos(f—n +2.43).

5.6-4. Refer to Figure S5.6-4 and the solution to 5.M-1.

5.M-1. Taking the z-transform of 4y[n + 2] — y[n| = z[n + 2] + z[n] yields Y(z) (4z -1) =
X(2) (22 4+ 1). Thus, the system function is H(z) = xg?) = 422":.11 =0. 2____ L

(a) MATLAB is used to create the pole-zero diagram.

>> zz = roots([1 0 11); zp = roots([4 C -11);

>> theta = linspace(0,2%pi,201);

>> plot(real(zz) ,imag(zz) ,’ko’ ,real(zp),imag(zp),’kx’,...
cos(theta),sin(theta),’k’);

>> xlabel(’Re(z)?’); ylabel(’Im(z)’); grid;

>> axis([-1.1 1.1 -1.1 1.1]); axis equal;

11
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Im(z)

=1 0.5

0
Re(z)

Figure S5.M-1a: Pole-zero diagram for H(z) = f;{'—_'_l—l.

(b) H(e®) = A%
|H(e™)].

>> Omega = linspace(-pi,pi,501);

>> z = exp(j*Omega); H = (z.72+1) ./ (4%z.72-1);

>> plot(Omega,abs(H),’k’); axis([-pi pi 0 11); grid;

>> xlabel(’\Omega’); ylabel(’|H(e"{j\Omega})|’);

>> set(gca,’xtick’, [-pi:pi/4:pil,’xticklabel’, L-p ;...
) :;J J;J :;)0:;1 3;’ )_;J ’;’P’],-

fontname’,’symbol’);

MATLAB is used to plot the magnitude -response

=%

(c) The pole-zero plot of Figure 55.M-1a and the magnitude response plot of Figure
S5.M-1b confirm that this is a band-stop system.

(d) Yes, the system is asymptotically stable. Referring to Figure S5.M-1a, all the
system poles are within the unit circle. (& inga poler har eliminerats av nollstillen)

() Yes, the system is real. Since the system is expressed as a constant-coeflicient
linear difference equation with real coefficients, the impulse response h[n] and
system are both real.

(f) For an input of the form z[n] = cos({ln), the greatest possible amplitude of the
output corresponds to the greatest gain shown in the magnitude response plot of
Figure S5.M-1b. Thus, 2/3 is the greatest output amplitude given an input of
z[n] = cos(Qn). This output amplitude occurs when Q = kn, for any integer k.

12
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i T T

0gp -

4=

Figure S5.M-1b: Magnitude response plot for 4y[n + 2] — y[n] = z[n + 2] + z[n].

x[n] > z > yln]
1/4
Anm: Léigre komplexitet erhalls
S| om man endast har en multiplicering
j med 1/4,vid utsignalen y[n]:
1
21 y[n]:Z(x[n]+x[n—2]+y[n—2])
1/4 1/4

Figure 55.M-1g: TDFII implementation of y[n] — 0.25y[n — 2] = 0.26z[n] 4 0.25z[n — 2].

(g) Inverting H(z) = %;—% = (].2511_};'3-2 s provides y[n] — 0.25y[n — 2| = 0.25z[n] +
0.25z[n — 2|, which is a convenient form for implementation. Figure S5.M-1g
illustrates a TDFII implementation of the system.

5.9-4. (a) The three poles satisfy z° = &, or z = 3/2¢?>™/3 for k = (0,1,2). There are two
finite zeros at z = 0 and z = 1/2 as well as a zero at infinity. MATLAB is used
to create the corresponding pole-zero plot.
>> k = [0:2); zp = 3/2xexp(j*2*pixk/3); zz = [0,1/2];

>> plot(real(zz),imag(zz), ko’ ,real(zp),imag(zp), 'kx’);
>> xlabel(’Re(z)’); ylabel(’Im(z)’);
>> axis([-1.5 1.5 -1.5 1.5]); axis equal; grid;

13
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el T ; ; ; ! r !
X
1.. ........................ SRRSO USROS SURRURRURUN: SUTURRURON DTS i
S S o e S e S e
% 0... .................................... [ PP [ o Mevrmrareiirnt
Y RS e, TR ST, e ST U -
e [ T T S I R L T S Y T ; .......
x
-5k ; ; i i i ; i
=15 -1 -0.5 0 0.5 1 1.5 2
Re(z}
1
. ZlZ—5
Figure S5.9-4a: Pole-zero plot for H(z) = (2(3—57)7
-%

There are two possible regions of convergence, both of which exclude the three
system poles: |z| < 3/2 or |z| > 3/2.

(b) The poles and zeros of H~*(z) are just the zeros and poles, respectively, of H(z).
Thus, the three zeros of H(z) satisfy 2% = Z, or z = 3/2e72™*/3 for k = (0, 1,2).
There are two finite poles at z = 0 and z = 1/2 as well as a pole at infinity.
MATLAB is used to create the corresponding pole-zero plot.

>> k = [0:2]; zz = 3/2xexp(j*2*pi*k/3); zp = [0,1/2];
>> plot(real(zz),imag(zz), 'ko’,real(zp),imag(zp), 'kx’);
>> xlabel(’Re(z)’); ylabel(’Im(z)’);

>> axis([-1.5 1.5 -1.5 1.5]); axis equal; grid;

14
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9 ! ! ' ' ! ! '
: Q
1_. ........................ R U SRS R
S - OO e R e, D eeeres o
-%: 1 [ SN Kovrvrrerninananscarannns [ o RO
Y S S S SRRSO SO SR e L
-1;— ............................................................. R R
¢}
5l . ; i P ; a i
~1.5 -1 0.5 0 0.5 1 1.5 2
Ref2)
. 3_2
Figure 55.9-4b: Pole-zero plot for H~1(2) = (z(z ))
z(z—3

There are two possible regions of convergence, both of which exclude the three
system poles: 0 < [2| < 1/2 or 1/2 < |2| < c0.

5.9-13.
(b)
X[z)] = po— lz| <2
z
BlE = oo K> 08
Y i
= e oieeoy 8l <2
and
Y] —z oy + 2/3  0.758
P (2+02)(2—08)(z—~2) z+02 2z-08 =z-2
1 =z 2 =z Z
Therefi = — - — 0. .
erefore Y [2] 11z+0.2+3z—0.8 0758‘2“2 08 < |z <2

and y[n]= [-1-11(-—0.2)“ + %(08)”] u[n] +0.758(2)"u [-(n + 1))

15
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5.9-14.

z[n] = 2"u[n] +ul-(n+1)]

z1{n] za[n|
o4
X1[Z] = o) |z| > 2
—Z
XQ[Z] = 21 |Z|<l

There is no region of convergence common to X; [z] and X, [2]

z

Hiz = (2 +0.2)(2 — 0.8)

The region of convergence of H [2] is |z| > 0.8 (assuming a causal system). We should
find the response to z [n] and 2 [n] separately.

22

= > 2
Yz (z —2)(z+0.2)(z — 0.8) 12
The modified partial fractions of Y 2] yield
1 z 2 =z z
Yl =-7702 32208 0782
and . 5
Y1 [n] = [—H(—E}.Q)"’ - 5(0.8)“ + 0.758(2)“] u[n)
Similarly . .
- z z z
= - 4 0.8 <1
Yol = - ;-1+ 52702 T 1zos O8</
and
1 . . 25
voln] = [£(-0" +408)" | ulnl + Zul-(n+1)]
and

y ] = 1 [n] +va [n] = [;—6(-0.2)“ + -%0(0.8)“ + 0.758(2)”’] wln] + %u (—(n+1)]

9-15.
X1 s e 2] < 2
# P e
and B
Hlz] = - |z| > 0.8

(z+0.2)(z - 0.8)
No common region of convergence for X [z] and H [z] exists. Hence
y[n] = oo
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