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2 Fouriertransformen för tidskontinuerliga funktioner

2.1 Fouriertransformen

2.1.1 a)

X(ω) =

∫ ∞

−∞
x(t)e−jωtdt =

∫ T

0
e−ate−jωtdt =

∫ T

0
e−(a+jω)tdt

=

[
e−(a+jω)t

−(a+ jω)

]T

0

=
1− e−(a+jω)T

a+ jω

b)

X(ω) =

∫ T

0
eate−jωtdt =

∫ T

0
e(a−jω)tdt =

1− e(a−jω)T

−a+ jω

2.1.2

X(ω) =

∫ ∞

−∞
x(t)e−jωtdt =

∫ 1

0
4e−jωtdt+

∫ 2

1
2e−jωtdt

=
4

−jω

[

e−jωt
]1

0
+

2

−jω

[

e−jωt
]2

1
=

4− 2e−jω − 2e−j2ω

jω

2.1.3

x(t) =
1

2π

∫ ∞

−∞
X(ω)ejωtdω =

1

2π

∫ ∞

−∞
(X1(ω) +X2(ω)) e

jωtdω

där X1(ω) och X2(ω) är följande:
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⇒ x(t) =
1

2π

∫ 2

−2
1 · ejωtdω +

1

2π

∫ 1

−1
1 · ejωtdω =

ej2t − e−j2t

2j · πt
+

ejt − e−jt

2j · πt

=
sin(2t) + sin(t)

πt

( =
2

π
· sinc(2t) +

1

π
· sinc(t)

=
2

π
· sincN

(
2t

π

)

+
1

π
· sincN

(
t

π

)

)

Anm: Man kan naturligtvis även beräkna x(t) genom att dela upp inverstransformintegralen
i 3 tidsintervall:

∫ −1

−2
+

∫ 1

−1
+

∫ 2

1

2.1.4 x(t) är som följande:

X(ω) =

∫ ∞

−∞
x(t)e−jωtdt =

∫ 5,5

4,5
1 · e−jωtdt =

[
e−jωt

−jω

]5,5

4,5

=
e−j4,5ω − e−j5,5ω

jω

=

(

ej
ω
2 − e−j ω

2

)

e−j5ω

2j · ω
2

=
sin
(
ω
2

)

ω
2

· e−j5ω = sinc
(ω

2

)

· e−j5ω

V.S.V.
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(sin
(
ω
2

)

= 0 första g̊angen, för ω > 0, vid ω
2 = π)

2.1.5 a)

x(t) =
1

2π

∫ ∞

−∞
X(ω)ejωtdω =

1

2π

∫ ω0

−ω0

1 · e−jωt0 · ejωtdω =
1

2π

[
ejω(t−t0)

j(t− t0)

]ω0

−ω0

=
sin (ω0(t− t0))

π(t− t0)
=

ω0

π
sinc (ω0(t− t0)) =

ω0

π
sincN

(ω0

π
(t− t0)

)

b)

x(t) =
1

2π

∫ ∞

−∞
X(ω)ejωtdω =

1

2π





∫ 0

−ω0

1 · ej
π
2

︸︷︷︸

=j

·ejωtdω +

∫ ω0

0
1 · e−j π

2
︸ ︷︷ ︸

=−j

·ejωtdω





=
j

2π

(
[
ejωt

jt

]0

−ω0

−
[
ejωt

jt

]ω0

0

)

=
2−

(

ejω0t + e−jω0t
)

2πt

=
1

πt

(

1−
ejω0t + e−jω0t

2

)

=
1− cos(ω0t)

πt

2.2 Egenskaper hos fouriertransformen

2.2.1 X(ω) och X1(ω):
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⇒ X(ω) = X1(ω + 4) +X1(ω − 4), där X1(ω) = rect
(ω

2

)

Tab. 3:13
(

sincN (at) = sinc(aπt) ⇐⇒ 1
a rect

(
ω

2πa

))

, med

X1(ω) =
1

π
· π · rect

(
ω

2π · 1
π

) (

a =
1

π

)

⇒ x1(t) =
1

π
sincN

(
t

π

)

=
1

π
sinc(t)

Tab. 2:9, frekvensskift
(

x(t)ejω0t ⇐⇒ X(ω − ω0)
)

x(t) = x1(t)e
−j4t + x1(t)e

j4t = 2 · x1(t)
ej4t + e−j4t

2
= 2x1(t) · cos(4t) =

2

π
sincN

(
t

π

)

cos(4t)

2.2.2 a)

X(ω) =

∫ 0

−T
1 · e−jωtdt−

∫ T

0
1 · e−jωtdt =

[
e−jωt

−jω

]0

−T

−
[
e−jωt

−jω

]T

0

=
e0 − ejωT − e−jωT + e0

−jω
=

2j (1− cos(ωT ))

ω
=

4j

ω
sin2

(
ωT

2

)

b)

Tab. 3:12 ⇒ rect

(
t

τ

)

⇐⇒ τsincN
(ωτ

2π

) [

= τsinc
(ωτ

2

)]

Tidsskiftning (Tab. 2:8): x(t− t0) ⇐⇒ X(ω)e−jωt0

Här: x(t) = x2

(

t+ T
2

)

− x2

(

t− T
2

)

, där x2(t) = rect
(

t
T

)

:
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⇒ X(ω) = X2(ω) · ejω
T
2 −X2(ω) · e−j T

2 = 2jX2(ω) · sin
(
ωT

2

)

= 2j

(

T · sincN
(
ωT

2π

)

︸ ︷︷ ︸

=sin(ωT
2 )
/

ωT
2

)

· sin
(
ωT

2

)

=
4j

ω
sin2

(
ωT

2

)

2.2.3 a)

X(ω) =

∫ ∞

−∞
x(t)e−jωtdt

⇒
dX(ω)

dω
=

∫ ∞

−∞
x(t) ·

d

dω
e−jωtdt =

∫ ∞

−∞
x(t) · (−jt)
︸ ︷︷ ︸

=F−1{ dX(ω)
dω }

e−jωtdt

⇒ −jtx(t) ⇐⇒
dX(ω)

dω

b)

Tab. 3:5 ⇒ e−at · u(t) ⇐⇒
1

a+ jω

Uppgift a) med x(t) = e−at · u(t) ⇒

−jt · e−at · u(t) ⇐⇒
d

dω

{
1

a+ jω

}

=
−1 ·

Inre derivatan
︷︸︸︷

j

(a+ jω)2

t · e−at · u(t) ⇐⇒
1

(a+ jω)2

2.2.4

Tab. 3:22 ⇒ cos(ω0t) ⇐⇒ π (δ(ω + ω0) + δ(ω − ω0))

a)

m(t) = cos(1000t) ⇒ M(ω) = π (δ(ω + 1000) + δ(ω − 1000))
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b)
m(t) = 2 cos(1000t) + cos(2000t)

⇒ M(ω) = 2π (δ(ω + 1000) + δ(ω − 1000)) + π (δ(ω + 2000) + δ(ω − 2000))


