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5 Fouriertransformen för tidsdiskreta funktioner

5.1 Fouriertransformen

5.1.1 Vi använder här definitionen av fouriertransformen:

X[Ω] =

∞∑
n=−∞

x[n]e−jΩn

a)
xa[n] = δ[n]

⇒ Xa[Ω] =

∞∑
n=−∞

δ[n]e−jΩn = e−jΩ·0 = 1

b)
xb[n] = δ[n− k]

⇒ Xb[Ω] =

∞∑
n=−∞

δ[n− k]e−jΩn =

/
Enhetsimpulsen

finns vid n = k

/
= e−jΩk

c)
xc[n] = γnu[n− 1]

⇒ Xc[Ω] =

∞∑
n=1

γne−jΩn =

∞∑
n=1

(
γe−jΩ

)n
=

/
|γe−jΩ| = |γ| < 1

enligt uppgift

/

=
(
γe−jΩ

)1 · 1

1− γe−jΩ
=

γ

ejΩ − γ

d)
xd[n] = γnu[n+ 1]

⇒ Xd[Ω] =

∞∑
n=−1

γne−jΩn =

∞∑
n=−1

(
γe−jω

)n
= /|γ| < 1/ =

(
γe−jΩ

)−1 1

1− γe−jΩ

=
ej2Ω

γ (ejΩ − γ)
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5.1.2 Den inversa fouriertransformen defnieras som

x[n] =
1

2π

∫
2π

X[Ω]ejΩndΩ

a)

X1[Ω] = ejkΩ; k ∈ Z

x1[n] =
1

2π

∫ π

−π

ejkΩejΩndΩ =
1

2π

∫ π

−π

ej(k+n)ΩdΩ =
1

2π

[
ej(k+n)Ω

j(k + n)

]π
−π

=
1

(k + n)π
· e

j(k+n)π − e−j(k+n)π

2j
=

sin ((k + n)π)

(k + n)π
=

/
= sinc ((k + n)π)

= sincN (k + n)

/

=

{
0; k + n ̸= 0

1; k + n = 0

}
= δ[n+ k]

b)

X2[Ω] = cos(kΩ) =
1

2
ejkΩ +

1

2
e−jkΩ; k ∈ Z

Uppgift a) ⇒ x2[n] =
1

2
(δ[n+ k] + δ[n− k])

c)

X3[Ω] = cos2
(
Ω

2

)
=

1

2
(1 + cos(Ω)) =

1

2︸︷︷︸
=Xa[Ω]

+
1

2
cos(Ω)︸ ︷︷ ︸

=Xb[Ω]

Xa[Ω] =
1

2
ej0Ω ⇒ /k = 0 i a)/ ⇒ xa[n] =

1

2
δ[n]

Xb[Ω] =
1

2
cos(Ω) ⇒ /k = 1 i b)/ ⇒ xb[n] =

1

2
· 1
2
(δ[n+ 1] + δ[n− 1])

⇒ x3[n] =
1

2
δ[n] +

1

4
(δ[n+ 1] + δ[n− 1])

d)

X4[Ω] = 2πδ(Ω− Ω0); |Ω| ≤ π

x4[n] =
1

2π

∫ π

−π

2πδ(Ω− Ω0)e
jΩndΩ = /Dirac vid Ω = Ω0/ = ejΩ0n

e)

X5[Ω] = π (δ(Ω− Ω0) + δ(Ω + Ω0)) ; |Ω| ≤ π

x5[n] =
1

2π

∫ π

−π

πδ(Ω− Ω0)e
jΩndΩ+

1

2π

∫ π

−π

πδ(Ω + Ω0)e
jΩndΩ =

1

2
ejΩ0n +

1

2
e−jΩ0n

= cos(Ω0n)
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5.1.3 a)

X[Ω] =

∞∑
n=−∞

x[n]e−jΩn =

/
x[n] = δ[n+ 2] + 2δ[n+ 1] + 3δ[n]

+ 2δ[n− 1] + δ[n− 2]

/

=

∞∑
n=−∞

(
δ[n+ 2]e−jΩn + 2δ[n+ 1]e−jΩn

+ 3δ[n]e−jΩn + 2δ[n− 1]e−jΩn + δ[n− 2]e−jΩn
)

= ej2Ω + 2ejΩ + 3e0 + 2e−jΩ + e−j2Ω = 3 + 4 · e
jΩ + e−jΩ

2
+ 2 · e

j2Ω + e−j2Ω

2
= 3 + 4 cos(Ω) + 2 cos(2Ω)

b)

X[Ω] =

5∑
n=1

x[n]e−jΩn = /som i a)/ = e−jΩ + 2e−j2Ω + 3e−j3Ω + 2e−j4Ω + e−j5Ω

= e−j3Ω
(
3 + 2

(
ejΩ + e−jΩ

)
+
(
ej2Ω + e−j2Ω

))
= e−j3Ω (3 + 4 cos(Ω) + 2 cos(2Ω))

Anm: L̊at xa[n] = x[n] i uppgift a) och xb[n] = x[n] i uppgift b)

⇒ xb[n] = xa[n− 3]

⇒ Xb[Ω] =

∞∑
n=−∞

xb[n]e
−jΩn =

/
xb[n] = xa[n− 3]

L̊at m = n− 3

/
=

∞∑
m=−∞

xa[m]e−jΩ(m+3)

= e−j3Ω ·
∞∑

m=−∞
xa[m]e−jΩm = e−j3Ω ·Xa[Ω]

SambandetXb[Ω] = e−j3Ω ·Xa[Ω] erh̊alls även utg̊aende fr̊an egenskapen x[n−n0] ⇐⇒ X[Ω]e−jΩn0

i formelsamlingens Tabell 7:6.

5.1.4 a)

x[n] =
1

2π

∫
2π

X[Ω]ejΩndΩ =
1

2π

∫ Ω0

−Ω0

1 · e−jΩn0 · ejΩn︸ ︷︷ ︸
=ejΩ(n−n0)

dΩ =
1

2π

[
ejΩ(n−n0)

j(n− n0)

]Ω0

−Ω0

=
sin (Ω0(n− n0))

π(n− n0)
=

Ω0

π
sinc (Ω0(n− n0)) =

Ω0

π
sincN

(
Ω0

π
(n− n0)

)

b)

x[n] =
1

2π

∫
2π

X[Ω]ejΩndΩ =
1

2π

(∫ 0

−Ω0

1 · ej π
2 · ejΩndΩ+

∫ Ω0

0

1 · e−j π
2 · ejΩndΩ

)

=
1

2π

([
j · ejΩn

jn

]0
−Ω0

+

[
−j · ejΩn

jn

]Ω0

0

)
=

1

2πn

(
e0 − e−jΩ0n −

(
ejΩ0n − e0

))
=

1

πn

(
1− ejΩ0n + e−jΩ0n

2

)
=

1− cos(Ω0n)

πn

Kommentar, a) och b): Här ser vi tydligt hur de tv̊a signalerna skiljer sig åt, p.g.a. att deras
respektive fasspektrum är olika – trots att de har samma amplitudspektrum.
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5.1.5 a) Xa[Ω] = Ω + π: Nej, är ingen fouriertransform, ty Xa[Ω] är inte 2π-periodisk.

b) Xb[Ω] = j + π: Ja, Xb[Ω] är konstant och kan därför vara en fouriertransform.

c) Xc[Ω] = sin(10Ω): Har period 2π
10 , dvs. Xc[Ω] = Xc[Ω + 2π] ⇒ X[Ω] kan vara en fouriertrans-

form.

d) Xd[Ω] = sin
(
Ω
10

)
: Har period 2π

1/10 = 10π, dvs. den är inte 2π-periodisk ⇒ Xd[Ω] kan inte

vara en fouriertransform.

e) Xe[Ω] = δ(Ω): Är inte 2π-periodisk ⇒ Den kan inte vara en fouriertransform.

5.2 Egenskaper hos fouriertransformen

5.2.1 Vi kommer att använda följande samband:

γnu[n] ⇐⇒ ejΩ

ejΩ − γ
; |γ| < 1 (Tab. 8:5)

x[n− n0] ⇐⇒ X[Ω]e−jΩn0 ; n0 ∈ Z (Tab. 7:6)

a)
x1[n] = an−mu[n−m] = x[n−m]

där
x[n] = anu[n]

⇒ X[Ω] =
ejΩ

ejΩ − a

⇒ X1[Ω] = X[Ω]e−jmΩ =
ejΩ(1−m)

ejΩ − a

b)
x2[n] = an−3 (u[n]− u[n− 10]) = a−3 · anu[n]− a7 · an−10u[n− 10]

⇒ X2[Ω] = a−3 · ejΩ

ejΩ − a
− a7 · ejΩ

ejΩ − a
· e−j10Ω =

a−3ejΩ
(
1− a10e−j10Ω

)
ejΩ − a

c)
x3[n] = an−mu[n] = a−m · anu[n]

⇒ X3[Ω] =
a−m · ejΩ

ejΩ − a

d)
x4[n] = an · u[n−m] = am · an−m · u[n−m]

⇒ X4[Ω] = am · ejΩ

ejΩ − a
· e−jΩm =

amejΩ(1−m)

ejΩ − a
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5.2.2

x[n] = an cos(Ω0n)u[n] =
1

2

(
aejΩ0

)n
u[n] +

1

2

(
ae−jΩ0

)n
u[n]

Tabell 8:5 ⇒ X[Ω] =
1

2

(
ejΩ

ejΩ − aejΩ0
+

ejΩ

ejΩ − ae−jΩ0

)

=
ejΩ

2

(
e−jΩ0

ej(Ω−Ω0) − a
+

ejΩ0

ej(Ω+Ω0) − a

)

=
ejΩ

(
ejΩ − ae−jΩ0 + ejΩ − aejΩ0

)
2
(
ej(Ω−Ω0) − a

) (
ej(Ω+Ω0) − a

)

=
ejΩ

(
ejΩ − a · cos(Ω0)

)
ej2Ω − 2aejΩ cos(Ω0) + a2

Jämför med hur fouriertransformen här även kan erh̊allas fr̊an z-transformen längs enhetscirkeln:

X[Ω] = X[z]
∣∣
z=ejΩ

Tab. 10:21
=

z (z − a · cos(Ω0))

z2 − 2a cos(Ω0)z + a2

∣∣∣∣∣
z=ejΩ


