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1. (a)

(b)

(@]

We simply compute the two distances,

=3

-1
(normy B)" (rormy x| = | (2, -1,-2,6) - (3,1,1,1)

and
= 3

-1
|(normp )T (normp x,)| = |§<2, ~1,-2,6)- (1,-1,0,1)

Answer: Both distances are 3.

For p’ to be parallel to p, it must have the same normal. Thus, we must have
p’ = (2,-1,-2,&) for some number &. Since x, should lie on p’, we get

0= (p/)Txl = (2/ -1, _2/%—) ' (3/ 1,1, 1) =3+ g — g: -3.

Answer: The plane is given by p’ = (2,-1,-2,-3).

Alternative 1: Every point on the line can be written as x(A;, A,) = A;X; + A,X,,
where A2 + A2 # 0. For the intersection point x,,, we have

0=P'X, =P XA, A,) =PT(AX; +A,X,) = APTX; + AP X, = 94, + 94,
which means that A, = —-A, at x,. More concretely, we have
Xo ~ X(Ay, =Ay) = A (% - X5) ~ X, — X, = (2,2,1,0).

Alternative 2: By computing the signed distances in (a), i.e., without the ab-
solute values, it is clear that x, and x, lie on the same side of p as well as
at the same distance. The geometrical situation is that the line is parallel to
the plane, which means that the intersection point cannot be a proper (finite)
point. The intersection must occur at the ideal point of the line, and this is
given by

X, ~ NOormp X; — NOrmMp X, = X; — X, = (2,2,1,0).

Alternative 3: The intersection point is given x, ~ Lp, where L represents the

Pliicker coordinates of the line. Using this approach, we have

T T _ T T —
Xo~ (XX XX, )P=XXP-XX,P~X —X =(221,0).

=9 =9

Answer: The intersection point is x, = (2,2, 1,0).
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(d) It is readily verified that (p’)"x, = 0. (In fact, x, will lie on every plane that is
parallel to p.)

(a) The points are clearly not collinear either before or after the transformation, which
means that they are in general position.

An affine transformation can bring any set of three (proper) points into any other
set of three (proper) points, as long as both sets contain points in general posi-
tion. The transformation is therefore clearly affine, which is a special case of a
homography transformation.

To see whether or not it is also a rigid transformation, we can check whether it
preserves distances. The three distances before the transformation are

dpp(X,,X,) = |normp X, — normp X, || = V52 + 12 = V26
dpp(X,,X3) = |[normp X, — normp X,|| = v/(5 - 12)2 + (1 - 5)2 = V65

dpp(X,, X3) = |Inormp x, — normp X,|| = V122 + 52 = V169 = 13,

and after the transformation they are

dpp(x], X}) = [Inormp x] - normp X} | = v(-1 - (-2))* + (2 - (-3))* = V26
dpp(x}, x}) = [normp x] — normyp x| = V(-1 - (-2))* + (2 - 10)* = V65

dpp(x5, X}) = [Inormp x;, - normp X} = (-3 - 10)2 = V169 = 13.

Additionally, the points are oriented in the same way before and after the trans-
formation, which can be verified by computing the determinants

’

X, X, X3/=-13 and Ix; x, xj|=-13.

Answer: Yes, the transformation .7 can be a rigid transformation. It will also
be both affine and a homography.

(b) No three points are collinear before or after the transformation, which means that
the four points uniquely determine a homography transformation.

To see that .7 can no longer be a rigid transformation, we note that the distances

dpp(Xy,X4) = |Inormp X, — normp X,|| = V-1 +(1-2)2=+17
dpp(x{, X}) = [Inormp x| — normp X}/l = /(-1 - 1) + 22 = 22

are different.
If .7~ were to be affine, it would mean, in particular, that

/ At -2 a,; a,, L;\(0 o
X, = o™ 1 X, & |[-3|=]|ay a, L ]||0] = t= 3]
1 O O 1J\1

This makes it easy to solve for A using, e.g., x; © x, and x;

from the Euclidean coordinates of x; and x/,, and solve

-1-(-2) -2-(-2)\ . [(5 12
(2—G$ 10—@@)_A&.5)’

© X5. We subtract t
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which gives

A—105121—i10 5 -12) 1 /(5 -12
5 13)\1 5] 13\5 13/\-1 5 ) 13\12 5 )

This is not consistent with x}, < x,, since
17

At 13
=17 /
1

Answer: In this case,.7 can neither be a rigid or an affine transformation, but

it can be a homography.

On the x-axis we have proper points (x, 0,1) as well as an ideal point (1,0, 0). For

2

a, b, 0)\(a, b, o a,a, b,a,+cb, 0
H,H,=|0o ¢ o0]||]0 ¢, Oo|=] O C,Co 0 |e 7.

such points, clearly

B R AR R

© O Q

o d, a,J\o d, a o c¢d,+da, aa,
Answer: Yes, /7, is closed under composition.

We recall (or derive) the expression for the cross product matrix,

o -1 y,

/
x]x=| 1 o -x|
Yp % O

Bearing this in mind, the DLT constraint (X;{r ® [x; ]x) vec H becomes

o -1 y, o -1 y, o -1 y,

x|l 10 x| y| 1 0o x| 111 o -x
/ / / / 4

Y % O Y % O Y % O

=
QR OO0 Qo TTO O Q
[l
=}
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Removing the superfluous columns (i.e., the ones meeting the zeroes), and adding
the two columns meeting a, we obtain

Y 0 Yk UrY,
X=X, Yk 0 -y,
X1y, “YkYp YkX, O

QO o Q

=Ak

A suitable data matrix will then be

Answer: See above.

First, we can find dual homogeneous coordinates p of the plane ;7. The condition
for 7 to contain the three points is

X,

X, [p =o.

XT

3

We can find such p, either by GauBian elimination, or by computing a singular
value decomposition
X
[X
X

and setting p equal to the rightmost column in V.

The horizon line of st can now be computed as the intersection of ;r and the plane at
infinity, represented by p., = (0, 0, 0, 1). (The assumption that not all three points
are ideal points is necessary to ensure that p and p,, are distinct.)

If we represent the horizon line using its dual Pliicker coordinates L, we have

=USV'

W N =y

L=pp.-pp"-

Another option is to find two solutions y, and y, to

T
(g'l—) y = 0/

and parametrising the horizon line as Ay, + A,y..

Answer: See above.

(b) The algebraic cost function can be rewritten as

2

.
xp 3

eap) = IApPI? = ||| xP ||| = D x/p)*
X3P k=1
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The only change that is needed to make this into a geometric cost function is to
P-normalise and D-normalise appropriately, i.e.

3

eq(p) = Z ((normp X). ' (normp, p))z.
k=1

Answer: The cost function can be made into a geometric cost function by en-
suring that the points are P-normalised and the plane is D-normalised. See the
expression for eg(p) above.

A scalar product must satisfy (u | u) > 0 with equality precisely when u = o.

With this in mind, it is easy to find counterexamples for f, and f,. For example, if
we letu = (u;, u,) = (-1,1), we see that

filau)=-1-1-1-1=-2<0,
fomu)=-1-14+1-(-1)=-2<0,

which disqualifies f; and f, from being a scalar product.
Alternatively, one could verify that f; is a scalar product, since we can write

@) =via+ v, +v,)(u, +u,) =

=v Iu+v’ (i) (1 1)u =

=(v; v,) (? ;) (Z;) =v'G,u

for a symmetric and positive definite matrix G,.

Answer: The valid scalar product is f;. See above for an explanation of why f;
and f, are not valid scalar products.

The Gram matrix G is defined to have its entries G;; = (by | b;), and, by letting
B = (b1 b2), it can be computed as

G = B*G,B = [in the real valued case] = BTGB =

—112111—3311—60;&1
-1\ 2)\1 -1/ \1 —1J\1 -1/ lo 2 '
This shows that the basis is orthogonal but not orthonormal in this scalar product.

Answer: The Gram matrix is G = diag(6,2). The basis is not orthonormal in
the chosen scalar product (but it is orthogonal).

Since we already have the Gram matrix, the dual basis vectors can readily be ob-
tained as the columns of

S 4t 1)1(2 0)_1(2 6)_1(1 3
Ll _(1 —1)12(0 6)_12(2 -6 6\1 -3J°

Answer: The dual basis vectors are b, = (%, %) and b, = (é, —é)
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6. (a) The frame operator is

3 1
_prT (3 1 2 1)t -3((2 o)_{(15 0)(2 o) _ (30 O
F = BB Go—(1 3 1 _2) 2 1 (o 1)_(0 15)(0 1)_(0 15)
1 -2

Answer: The frame operator is F = diag(30, 15).

(b) Thelower frame bound is the smallest eigenvalue of F, and the upper frame bound
is the largest eigenvalue of F. In this case, when F is diagonal, we can read the
eigenvalues off of the diagonal, giving L = 15 and U = 30.

Answer: The lower frame bound is L = 15 and the upper frame bound U = 30.

(c) The frame operator associated with a set of frame vectors {b,, ...,b,} is defined,
for an arbitrary vector v, as

n
Fv = 2(v | by) by.
k=1

To show that F is self-adjoint, i.e. that (Fu | v) = (u | Fv) for all u and v, we
verify that

n

Z<<V | by by | 11> =

k=1

(Fv | u>=<k§:<v | bk>bk|u>=

n

= zn:(v | by) (by | w) = Z<v| {by | u>*bk> B
=1 k=1

n

diul bk>bk> = (v | Fu).

k=1

= kzz<v| (a | bk)bk> = <v

7. (a) Firstofall, tobe avalid fundamental matrix, F must have rank two. It is clear that
rank F > 2, since the last two rows are linearly independent, so if we chose the
constants a, b, ¢ such that det F = 0, the rank will be two. This constraint results
in the linear equation

a b c
o=detF=|-1 3 0o|=3a+b-2c.
o 21

The epipolar constraints give two additional linear equations:

0=x[Fx,= (5 1 1)(_(11 ; 3][_21]:(5 1 1)(_“5')“]:

o 2 1)\1 5
=-5a+10b+5c+12
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and
a b c\(o c
0zx§Fx§:(—2 -3 1) -1 3 olflo :(—2 -3 1) o|l=-2¢+1.
o 2 1)1 1

From the last one we immediately obtain ¢ = %, and inserting this into the previous

11

two allows us to obtain a = % and b = -

Answer: (a,b,c)= %(7, 11,5).

Answer: Theepipolar constraint tells us that x, lies on the epipolar linel;, ~ Fx]
in the first view, and similarly that x/ lies on the epipolar line I; ~ F"x, in the
second view.

Note: The epipolar constraint does not tell us that the points are projections of the
same scene point!

Since

e=E[|[v-BBTv| | = E[(v-BB™V) (v-BBTV)| =
= ]E[VTV -2v' BB'v+ v BB™B BTV] =
SN——

=1
= ]E[VTV— VTBBTV] = ]E[||v||2] - ]E[VTBBTV] = 1E[||v||2] —-¢g,

minimising ¢ is equivalent to maximising ;.

The objective is to find a subspace that minimises the expected norm (squared)
of the difference between a vector and its projection on the subspace. If ¢ are the
subspace coordinates of v and € are the subspace dual coordinates of v, and G is
the subspace Gram matrix, then

e = E[|[v-Be| | = E[|v- BGZ¢| | = E[|v - BBTG,B)"B"G,v| |

It is also important to remember that the norm is induced by the scalar product,
and thus also depends on G,,.

Answer: The expression becomes ¢ = ]E[”v - B(BTGOB)‘lBTGOv||2].
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